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Instructions:

1.

© © N o

Each candidate is provided with the following documents:

1.1 Question paper including cover page — 22 pages

1.2 One sheet of draft paper

Fill in your JAE No., campus, building, room and seat no. on the front page of the examination
paper.

There are 5 questions in this paper, each carries 20 marks. Answer any 3 questions. Full mark
of this paper is 60.

Put your answers in the lined pages provided. Answers put elsewhere will not be marked.
Show all your steps in getting to the answer. Full credits will be given only if the answer and
all the steps are correct and clearly shown.

The diagrams in this examination paper are not drawn to scale.

Calculators of any kind are not allowed in the examination.

Answer the questions with a blue or black ball pen.

Candidates must return the question paper and draft paper at the end of the examination.



ERZALEE B LA R FRRATRT WP LEPITHTTL
Answer any 3 questions, each carries 20 marks. Write down the answers on the 3 lined pages
following each question.

1.

4v+ B > E-ABCD #_» H44 » 2 & ABCD % ¥75 7 |AB| =2V2 % /DAB =

o

wlx

IEB| = |EC| » LBEC ==+ F % BC ¢¥ 8.5 G % E & DF thd-&_» |DE| =5 -
2

3
(8) #F cos(4DFE) ===« [#7: & |EF| % |DF]| -] (8 ~)
(b) %P EG#£2 T % ABCD - [#77: 7P AEGBEE &= 47 ] (7 »)
(c) *|AE]| (6 ~)

In the above figure, E-ABCD is a pyramid, its base ABCD is a rhombus, |AB| = 2v/2

T T
and 2DAB = 3 |EB| = |EC|, £BEC = > F is the midpoint of BC, G is the foot of

perpendicular from E to DF. |DE| = /5.

V3
(@) Show that cos(£DFE) = Ve [Hint. Find |EF| and |DF|.] (8 marks)
(b) Show that EG is perpendicular to plane ABCD.
[Hint. Show that AEGB is a right-angled triangle.] (7 marks)
(c) Find |AE]. (5 marks)



2. (@) ° wadicf(x)=x3—12x+6-

ENECENEOE @ »)

(i) & f(x) Ph B~ Efrkh i) E o (3 %)

(i) H# 8 y = f(x) g e @ )

(iv) E* (i) - (iii) g% g hd Ry=f(x)- (3 4)
b) e i RLy=x+4 T RNC:y=x343x%+x B AH- Er 5 o

(i) *E:A- (4 =)

(i) Fd B4L 5 & & C e Fenh s ind 4 o 6 )

(@) Given function f(x) = x3 — 12x + 6.

(i) Find f'(x) and f"(x). (2 marks)
(ii) Find the local maximum and local minimum values of f(x). (3 marks)
(iii) Find the inflection point(s) of the curve y = f(x). (2 marks)
(iv) Using the results in (i) — (iii), sketch the curve y = f(x). (3 marks)

(b) Given that the line L: y = x + 4 is a tangent line of the curve C: y = x3 +3x? + x

at point A.
(i) Find the point A. (4 marks)
(if) Find the area of the region bounded by the line L and the curve C. (6 marks)



2 2
3 éi‘f’ﬁ“ffﬁ]E:%+yT=lﬁ Evrehehe B AR K) - % L 4o L, EiGEA

B EAR7 G EE S e
@) #pEFgArRy=mx+(k—mh)EZEfprg> &y
9m? —(k—mh)?+4=0-
(i) 3% my fom, £ @)1 U m 3 AR s & ARG BT BP

2hk k-4
mm., =
h2-9 172 ™ h2_g

b) £ L & LIpss » L8 A dopuin o

o

m1+m2:

© % (hk)=(54) &L & L, chx b > $% 2 tan ™! 47 -

Given ellipse E: %2 + yTZ = 1 and a point A(h, k) outside E. Suppose L, and L,
are two lines passing through A and tangent to E.
(@) (i) Show that the straight line y = mx + (k — mh) that passes through A is
tangent to the ellipse E if and only if
9m? — (k —mh)?+4 = 0.
(ii) Let m,; and m, be the two roots of the quadratic equation in unknown m

2hk k2%-4
79 and mym, = hZ o

in (@)(i). Show that m; + m, =

(b) If L, and L, are perpendicular, find the locus of A.
(¢) If (h, k) = (5,4), find the angle between L, and L,. Express your answer in

terms of tan~1.

6 ~)

@ ~)
(6~)

(6 ~)

(5 marks)

(3 marks)

(6 marks)

(6 marks)



4. xi=+-1-
@#FwWw=x+yi> B¢ xfry s F#c-FWHhE>£2z-3Z7+|z|=-1+16i"
fw i 8 ~)
(b) () * ## % % %2 >
cos 30 = cos® 0 —3cosfsin?6 and sin360 = 3cos?Hsinh —sin3 9 -

Bt 39_3tan9—tan36 5
A T S tan? 6 6 #)

(i) * ()% 2344 —3V3x2=3x+V3=0" ¥ % tan % 57 o 7 A)

Leti =+v—1.
(@) Let w = x + yi, where x and y are real numbers. If w satisfies the equation
z—3Z + |z| = —1 + 16i, find the value of w. (8 marks)
(b) () Using De Moivre’s theorem, show that
cos 30 = cos36 —3cosfsin?6 and sin36 = 3 cos? fsinh — sin3 6.

3tan 6—tan3 6

D h = . mark
educe that tan 36 T 3tanZ 0 (5 marks)

(ii) Using the result in (i), solve the equation x3 — 3v/3x2 — 3x + /3 = 0.

Express your answer in terms of tan. (7 marks)



5 (a) (i) @ Fxast

sin(A + B) = sinAcosB + cosAsin B

z
cos(A+ B) = cosAcosB ¥ sinAsinB o
B E .
x+ x— x+ x—
sinx —siny = 2 Cos—ysin—y 3 COSX —COSy = —2 Sin—ysin Y. 4 »)
2 2 2 2
1 1 1
(i) M 2% 5% |sin20 sin40 sin80| = —4sinf sin 26 sin 36 - 6 )
cos 26 cos46 cos 86
M)XK OSO<Z e FrTrix yfrz s AR fzle
x+ y+ zZ=06
(sin20)x + (sin40)y + (sin80)z =+/3
(cos20)x + (cos40)y + (cos86)z = —3
FOE - R Rt A le onid f2 o (10 »)

(@) (i) Given the formulas
sin(A + B) =sinAcosB * cosAsin B
and
cos(A + B) = cosAcosB + sinAsinB.

Deduce that

. . xty . x—=y . Xty . X-Yy
sinx —siny = 2 COSTS"‘T and cosx —cosy = —2 S|nTsmT.(4 marks)

1 1 1
(i) Prove the identity [sin26 sin46 sin86| = —4sin 0 sin 26 sin 36. (6 marks)
cos26 cos48 cos860

(b)Let0 <6 < g Suppose the following system of equations with unknowns X, y and z

X+ y+ z=6
(sin20)x + (sin40)y + (sin86)z =+/3
(cos20)x + (cos40)y + (cos80)z = —3

has more than one solution. Find the general solution of this system of equations. (10 marks)
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1. (@) 4 F 3 BC:n¥ g fc |EB| = |EC| » # EF L BC 4 LEBF = (n — £BEC) == -
“t11 » |EF| = |BF| tan(2EBF) = GIBCI) -1=3|AB| =2
d £DAB == 1v |AD| = |AB| > # ADAB £ %= &4 % |DB| = |AB| =2V2 -
4 F % BC n¢ 8 4c |DB| = |AB| = |DC| > # DF 1 BC -
“+12 » |DF|2 = |DB|? = |BF|? =8—-2=6 -

|DF|2+|EF|2=|DE|?> 642-5 /3
F]¢t > cos(2DEF) = = =—0
e ( ) 2|DF||EF] WeVZ 4

2

(b) & AEFG * » |EG| = |EF|sin(¢DFE) = |EF|\J1 — cos?(<DFE) = /2 /1 - (?) EREC

4

& ABFG ¥ » |BG| = /|BF|? + |FG|?> = \/2 + |EF|? cos?(«DFE) = /2+2(% LD

4
& AEFB ¥ » |BE| =/|EF|2+ |BF|2=V2+2=2"
%] |[EG|? + |BG|? = 4 = |BE|? » # <EGB =§o
4 EGLDF %2 EG 1L GB» 8 EG 1L ABCD -

(c) 4 F % BC =¥ & 4c |DB| = |DC|(= |BC|) » ¥ 2BDF =§LBDC :go

i@ AG » F] LADG = £ADB + £BDF =§+§=§ » % |AG|? = |AD|? + |DG|? -

%] |DG| = |DF| — |FG| = V6 — |EF| cos(«DFE) = %—ﬁ(?) = %g ’
54 91

Y 2 _ 2 2 _ 54 _ 91
= |AG|* = |AD|* + |DG| —8+16—8

11 5 |AE| = \J|AG|? + |EG|? = /%#8—3:\/1_0

2. @@) f'(x)=3x2—-12> f"(x) =6x °

i) f'x)=0x=—2& x=2-
Fx<—20 f(0)>0 & f(x) Liks
¥ 2<x<2> fl(x) <0 > & flx) Sk
§2<x0 1) >0 0 & flx) ks
Flet o f(=2) =22 8- Bk B f(2)=-10 - A& | E o

(i) f"x)=0ox=0°% x<0° f"(x)<0;% x>0> f'"(x) >0-
Fl- > (0,6) A4 My = f(x) g g



(iv)
20
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4 B \_/
-10

-20

1

dx
Fax=0 AEMRL T (04) & hd HCH R (00) x=0
Fx=-2,(-22) R AaiRLfrad R C2 o Fpt B AE (-22) ¢

i) ERLPRFT 1 a8 A F 1= =32 46x+1 22> Fx=0&x=—-2¢
38

o

_ .3 2
(ii)ﬁi{;/:i_l_-lfx T ) x=—28- BiE)@x=-2&x=1-
P 2<x<1 ERM y=x+4 pd M y=x3+3x2+x2 1} o

o o R S
1 3 2 S 3 2
J,e+4) - (P +3x*+x)dx = [, 4—x>—-3x"dx

L 1
= [4x — —x4—x3]
4 -2

_ 27
T4
x2 yZ _ 1
3.@G)d | 9t a ™ » 8 4x% + 9[mx + (k —mh)]? = 36 » T
y =mx + (k — mh)
(4 + 9m?)x? + 18m(k — mh)x + 9(k —mh)?> —36 =0 o (1)

Fli sy =mx+ (k—mh) & Etp*r > (1) 5 £4 > £ #8305 0
[18m(k — mh)]* — 4(4 + 9Im?)[9(k —mh)® —36] =0 d p* > #

I9m? —(k—mh)>+4=0- )
(i) ¢ (2) %
(9 —h®)m? + 2hkm+ (4 —k*)=0- 3)
ﬂmlfrmzi(3)ﬁﬂ+ﬂ»#ml+m2=%ﬂ mlmzzgo

()% Ly fr L, # €- $E 2 fo-k T sps
2_

e = 1o R+ k=13 h# 43k %42+
¥ Lifrl, - 9L ok Tapr o 35 @0 (hk)=(£312)-
w A el E_x? +y? =13 -




©#i=12%m=tan6, 3 Lispd > 49 —T<g<Zo
s 5 3
d (h,k)=(5,4)’fgm1+m2:5£ m1m2:Z°

Wl # Lyt dior 0<a<i

t = Jtan(g, — 6,)] = tanf; —tanb, | |my —my _\/(m1+m2)2—4m1m2
ana = |tan(6, 271 +tanb; tan 6]  [1+mym,l |1+ mym,|

_ 2V13

—_ 7 o

g s _1 2413
Fpt 0 Ly 87 Ly, thk & F_tan 1T°

4. (@) z-3Z+|z|=—-1+16i= (x+yi)—3(x—yi)+Jx?>+y?=—-1+16i
= —2x ++/x2+y?+4yi = -1+ 16i
:>{—2x+ x2+y2=-1
4y =16
d 5 -2 y=4-HHy=4>fF2%-iF> 4 3
—2x++x2+16=—-1=>x2+16=2x—-1

Sx2+16=0Q2x—1)2 2 x>1/2
=>3x2—-4x—-15=0 % x=>1/2
> (x—3)3x+5)=0 2 x>1/2
=>x=3

mw=3+4i-

(b) (i) cos 30 + isin 30 = (cos +isin§)3
= cos30 + 3i cos?Osinf — 3 cos O sin> @ —isin3 6
= (cos360 — 3 cos O sin? B) + i(3cos?Hsin O — sin3 Q) -
VR IRE Rt
cos 30 = cos36 —3cosfOsin?6 % sin36 = 3cos?6sinf —sin30 -

sin30 _ (3cos?fsinfH-sin®0)/cos®0 _ 3tanH-tan®o
cos36  (cos36—3cos 6 sin2 0)/cos30 T 1-3tan24@

tan 36 =
(i) Fx=tanh > -2<6<Z- 7l

x3 —=3V3x2-3x+V3=0
= tan36 — 3vV3tan?0 — 3tan6 +/3 =0

3tanf—tan® @
_, 3no—tan’s _ 3

1-3tan2 6
= tan360 =3
= 360 = §+nT[, n & #ic

T nm
=>0= ;+?, n {igﬁi"

ﬂ—§<9<§’ i X El SU tan(—%n)’tangi tan%ﬂo

. . vrosn 4 7 2 7
[ #®0<O<ZAZ<O<m>plOhiEs: 2> T2 <o Fltan(-5) = tan-
B EEIApRE o]

10



5. (a)(i) sinx —siny

o <x+y+x_3’) . <x+y x_Y>
= sin(— 5 sin|—

(_ x+y x—y+ x+y . x—y) ( x+y X—Yy x+y . x—y)
sin 5 cos > cos 5 sin > sin > cos > cos > sin >
_ > Xty x-—y
= 2cos 5 sin >
COSX — COS Y
_ (x+y+x—y> <x+y x—y)
= COoS > 5 cos > 5
( x+y xX—=y .x+Y.x_Y> ( xty x—y+_x+y_x—y)
cos > cos 5 sin 5 sin > cos 5 cos > sin > sin >
Xty x—y
= —2sin sin
2
(a)(ii)
1 1 1 0 0
sin28 sin40 sin860| = |sin20 sin460 —sin260 sin860 — sin 20
cos260 cos46 cos80 cos20 cos40 —cos260 cos806 — cos 20
1 0 0
= |sin 260 2 cos 360 sin 6 2 cos 50 sin 360
cos20 —2sin30sinf —2sin56sin30
1 0 0
= 4sin @ sin 36 |sin 26 cos 36 cos 56
cos28 —sin368 —sinb56
= 4 sin @ sin 36 (— sin 56 cos 36 + cos 56 sin 30)
= 4sin 6 sin 30 [—sin(56 — 30)]
= —4sin @ sin 26 sin 30
(b) F1* 42ke 3 %20 - f2 > * (a)(ii) ¥ % > 5 —4sinfsin20sin30 =0 -
O0<SO<— % 0=0# =" 0="c
E =0E\19=§v”‘:ﬁ%%ﬁi%‘é»‘0x+0y+02=\/§’jﬁ;a?irr—%ﬁi.ﬁgii’ﬁ)‘a’;’o
wO#0E O#o
x+y+z=
V3 V3 V3
T O==> g 736—7)/ +7 =\/§o
1 1 1, _ _3
XY T3EE T
6

Bx=4—-t y=2-z=t teR-

11



Suggested Answers:

T

1. (a) From F is the midpoint of BC and |EB| = |EC|, we get EF L BC and £EBF = %(n — £LBEC) = "
Then, |EF| = |BF| tan(2EBF) = (% IBCI) -1=214B| = V2.
From 2DAB = gand |AD| = |AB|, we get ADAB is equilateral. So, [DB| = |AB| = 2/2.

From F is the midpoint of BC and |DB| = |AB| = |DC|, we get DF 1 BC.
Then, |DF|?> = |DB|?> — |BF|? =8—-2 =6.

__ |DFI?+|EF|?2—|DE|? _ 6+2-5 _ V3
Hence, cos(«DEF) = 2IDFIEF] RN Ay

2

(b) In AEFG, |EG| = |EF] sin(4DFE) = |EF|/T— cos?(ZDFE) = vZ|1 — (?) = Y26

4

In ABFG, |BG| = \/|BF|? + |FG|? = \/2 + |EF|? cos?(2DFE) = /2 +2(2) =2
In AEFB, |BE| = \[|[EF|2 + |BF|2 =2 + 2 = 2.

Since |EG|* + |BG|* = 4 = |BE|?, we have ZEGB = ~.
From EG L DF and EG L GB,we get EG L ABCD.

(c) From F is the midpoint of BC and |DB| = |DC|(= |BC|), we get ZBDF = %LBDC = %

Join A and G. Since 2ADG = £ADB + «BDF = g + g = g we have |AG|? = |AD|? + |DG|?.

since DG = |DF| — FG| = V6 — |EF| cos(4DFE) = V6 — VZ () = 2°
54 91

we have |AG|? = |AD|? + |DG|* = 8 +o=—

Hence, |AE| = \/|AG|? + |EG|? = %+1§ — V13

2. (@)3) f'(x) = 3x% — 12, f"(x) = 6x.

(i f'(x) =0 x=—-20rx =2.
When x < =2, f'(x) > 0, and thus f(x) is increasing.
When -2 < x < 2, f'(x) < 0, and thus f(x) is decreasing.
When 2 < x, f'(x) > 0, and thus f(x) is increasing.
Hence, f(—2) = 22 is a local maximum value and f(2) = —10 is a local minimum value.

@iii) f"(x) =0 x=0.Whenx <0, f""(x) < 0;whenx >0, f""(x) > 0.
Hence, (0,6) is an inflection point of the curve y = f(x).

12



(iv)

30 4 Y

20

N y=f(X)/ )
- - >4

4 2 \_/
-10

-20

1

(b)(i) The slope of line Lis 1. AtA, 1 = Z—z = 3x% + 6x + 1. Solving, x = 0 or x = —2.
When x = 0, the point on line L is (0,4) but the point on the curve C is (0,0).
Thus, x = 0 is rejected.

When x = =2, (—2,2) ison line L and on curve C. Hence, Ais (—2,2).
— -3 2
. . (y=x+3x"+x
(i) Solving {y 44
When —2 < x < 1, the line y = x + 4 is above the curve y = x3 + 3x% + x .
Hence, the area is
f_lz(x +4) - (x*+3x%> +x)dx = f_124 —x3—3x%dx
1
= [4x — lx4—x3]
4
- 27
=

, (from (i), x = —2 isasolution) we get x = —2 or x = 1.

-2

2 2

Y
3. @@)From] ot =1 ,we get 4x2 + 9[mx + (k — mh)]? = 36, that is,
y = mx + (k — mh)
(4 + 9m?)x? + 18m(k — mh)x + 9(k — mh)? — 36 = 0. (1)
Since the line y = mx + (k — mh) is tangent to E, (1) has a double root and so its discriminant

is 0. That is, [18m(k — mh)]? — 4(4 + 9m?)[9(k — mh)? — 36] = 0. Hence, we get

9m? — (k —mh)?> +4 = 0. )
(if) From (2) we get
(9 — h)m? + 2hkm + (4 — k?) = 0. 3)
Since m, and m,, are roots of (3), we have m; + m, = ;zh_kg and mym, = %

(b) When L; and L, are not a pair of horizontal and vertical lines,

k?-4
h2-9

When L, and L, form a pair of horizontal and vertical lines, readily, (h, k) = (3, £2).

=—1=h*+k*=13,h # +3,k # +2.

mm, =-1 =

Hence, the locus of A is x2 + y2 = 13.

13



(c) Fori = 1,2, let m; = tan 6; be the slope of L; , where —g <9, < g
As (h, k) = (5,4), we have my + m, = gand mym, = Z

Suppose the angle between L; and L, is a, where 0 < o < g Then,

tan 6, — tan 6, my—my | (n +my)%—4mm, 2V13
tana = [tan(8, — 6,)| = = = = .
1+tan6; tan@, 1+mum, |1+ mym,]| 7
Hence, the angle between L, and L, is tan™?! %ﬁ

4. (a)
z—3Z+|z|l=—-1+16i=> (x+yi)—3(x—yi) ++/x2+y?2=—-1+16i
= —2x ++/x2+y?+4yi = -1+ 16i
o2yt +yr=—1
4y = 16
From the second equation, y = 4. Solving the first equation with y = 4, we have
—2x++x2+16=-1=>x2+16=2x—1
=>x?2+16=(2x—1)? and x > 1/2
=3x2—4x—-15=0 and x >1/2
= x—-3)3x+5)=0 and x >1/2
=>x=3
Hence, w = 3 + 4i.

(b) ()
cos 360 + isin 30 = (cos f+isin9)3
= cos30 + 3i cos?6sinf — 3 cos f sin®? @ —isin3 6
= (cos36 — 3 cos 6 sin? 0) + i(3cos?6 sin 8 — sin3 ).
Comparing the real and imaginary parts, we get
cos 36 = cos36 — 3 cosBsin®? O and sin360 = 3cos?6sin O — sin3 6.
Hence,
sin30 _ (3cos?fsinfH-sin®0)/cos®0 _ 3tanH-tan®o
cos36  (cos36—3cos 6 sin2 0)/cos30 ~  1-3tan28

tan 30 =

(i) Letx =tan6, —~ <6 <. Then,

x3 —=3V3x2-3x+V3=0

= tan30 — 3v/3tan%60 —3tanf +V3 =0
3tanf—tan3 0
= 1-3tanZ6 _\/§

= tan360 = V3
= 30 = §+ nm, nis an integer

=0 = 2+, n isaninteger.

Since —% <6< g the roots of the equation are tan(— %") : tang and tan %".
[Remark: If we let 0 < 6 < g org < 0 < m, then the values of 0 are g %’T and %’T

2 7
The answers are the same because tan(—~-) = tan -]

14



5. (a)(i)

sinx —siny
L (XtYy x—Yy L (Xxty x—Yy
=sm( + )—sm( >~ )

2 2 2
_(. x+y x—y+ x+y . x—y) ( x+y X—Yy x+y . x—y)
= | sin > cos > cos > sin > sin > cos > cos > sin >
2 Xty xX—y
= 2 cos Sin
2 2
COSX — COSYy
_ (x+y+x—y) (x+y x—y)
= cos > > cos > >
_( x+y x—y . x+y . x—y) ( x+y x—y+_ x+y . x—y)
= | cos > cos > sin > sin > cos > cos > sin > sin >
S Xty Xy
= —2sin n .
Si > si >
(a)(ii)
1 1 1 1 0 0

sin268 sin46 —sin260 sin 86 — sin 260
cos 260 cos40 —cos20 cos80 — cos?20

sin26 sin46 sin80
cos 260 cos40 cos86

1 0 0
sin 260 2cos368sinf 2 cos 56 sin 36
cos20 —2sin30sinf —2sin56sin36

1 0 0
sin 260 cos 30 cos 50
cos28 —sin36 —sin56

= 4 sin @ sin 360

= 4 sin 6 sin 36 (— sin 56 cos 36 + cos 50 sin 30)
= 4 sin 6 sin 36 [—sin(560 — 360)]
= —4sin 6 sin 26 sin 30

(b) Since the system of equations has more than one solution, using the result in (a)(ii), we have
—4sin 0 sin 20 sin30 = 0.
AsO<0 <> wehaved=00r6 ="or6="=.

If6=00r0 = g the second equation becomes 0x + 0y + 0z = /3, from which we know that
the system of equations has no solution. Hence, 8 # 0 and 8 # g

xX+y+z=6
V3 V3 V3
When 6 = 7, the system of equations becomes { 77X =5 Y + 52 = V3.
S S VR SR
ZX 2y 2Z_
x+y+z =6
Solvin wegetx=4—-t,y=2 z=t, tER.
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