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Instructions:

1.

Each candidate is provided with the following documents:

1.1 Question paper including cover page —22 pages

1.2 One sheet of draft paper

. Fill in your JAE No., campus, building, room and seat no. on the front page of the examination

paper.

. There are 5 questions in this paper, each carries 20 marks. Answer any 3 questions. Full mark

of this paper is 60.

. Put your answers in the lined pages provided. Answers put elsewhere will not be marked.

. Show all your steps in getting to the answer. Full credits will be given only if the answer and all

the steps are correct and clearly shown.

. The diagrams in this examination paper are not drawn to scale.
. Calculators of any kind are not allowed in the examination.
. Answer the questions with a blue or black ball pen.

. Candidates must return the question paper and draft paper at the end of the examination.
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Answer any 3 questions, each carries 20 marks. Write down the answers on the 3 lined pages following

each question.

l. Zin B wék V-ABCD ¥ > Jkdy ABCD 2%k % atEHH o AVAD R E=ZAK > A

& g A& d ABCD o

(a) A M & AD 899 % > KB VM (B a k) e
(b) Ko s V-ABCD 69384k -
(c) &% x A ANVAD £ A\VDB #9—% 4 > Ktan x o

(d) Kwatsk V-ABCD # % @ik o

In the pyramid V-ABC D shown in the figure, the base ABC' D is a square with a side length of a,

AV AD is an equilateral triangle and is perpendicular to the base ABC'D.
(a) Let M be the midpoint of AD. Find line segment V M (in terms of a).
(b) Find the volume of the pyramid V-ABCD.
(c) Let x be the dihedral angle between plane IV AD and plane V D B. Find tan .

(d) Find the surface area of the pyramid V-ABCD.

(2 marks)
(4 marks)
(7 marks)

(7 marks)



(@) & f(x) =23 +322 -4 -
() K f(z) =0 &94& o
(ii) K f'(x) Fo ["(x) °
(i) & f(x) 895 348 KA A= B 3R ABIME o
(iv) Ry = f(x) 693585 o
V) &bwmsgy=f(x) 9@ P -3<2r<1.20

(b) KXWy =2 +322 -4 R¥sgy=2> -3+ 2 BN E B @ o

(a) Let f(z) = 23 + 322 — 4.
(i) Find the roots of f(z) = 0.
(i) Find f'(x) and f"(z)
(iii) Find the local maximum and local minimum values of f(x).
(iv) Find the inflection point of the curve y = f(x).
(v) Sketch the curve of y = f(z), with =3 <z < 1.2.

(b) Find the area of the region bounded by the curves y = 2® + 322 — 4 and
y=a3— 3z + 2.
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(2 marks)
(2 marks)
(4 marks)
(1 marks)
(3 marks)

(8 marks)
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3. %A E: % + % =1, (a>b>0) 9L REL F > B EEF 28 P(2,1) &A% [P

LA E AR5k Ade B @ 4w A0, —1) -

(a) REH [P #HAE o (4 %)
(b) KAEHE E &9 mBEZE Fy Fo Fy 69 &A% © (4 %)
(c) KMEE E ZA2F a,b 6944 - (6 %)
(d) ZAKIRALH PP 47> Bty st ® (0,m) o KA SAGE E A8 b0sE m 944 -

(6 %)

2 2
Suppose the right focus of the ellipse £ x_2 + %2 =1, (a > b > 0) is F;. The line F P passing
a

through the focus F and the point P(2,1) intersects the ellipse F at two points A and B. Given
A(0,—1).

(a) Find the equation of the line Fi P. (4 marks)
(b) Find the coordinates of the two foci F7 and F; of the ellipse E. (4 marks)
(c) Find values of a and b in the equation of the ellipse E. (6 marks)

(d) Suppose that line [ is parallel to line F P and intersects the y-axis at point (0, m).
Find the value of m when line [ is tangent to the ellipse E. (6 marks)



4. 3% i=+/—1°

(@ FHz=a+bi> AP a,bBHEE > BHEIA0R 2P =8> Kz (4 %)
(b) # (a) F AT 2, K 2202 o (4 %)

(c) Zw=cosf+isinf> AP 0<0<2r HO#7w FIEZEHE N> A

- (n+1)0
2 3 n n SIN 5=
l+w+w +w + -+ w' =w2———5—.
Sin 3
(4 %)
(d) KA FTHARALO0<O <2m RegPTA B
sin 6 + sin(26) + sin(30) + sin(460) + sin(56) + sin(66) = 0.
(8 %)
Let: = +v—1.
(a) Suppose z = a + bi, where a, b are real numbers satisfying b # 0 and 2® = 8, find 2.
(4 marks)
(b) For z obtained from (a), find 220%, (4 marks)
(c) Letw = cosf + isinf, where 0 < < 27 and € # 7. For any even positive integer n,
show that
: (n+1)0
2 3 n » SN~
l+w+w +w' + - Fw' =w2——5—
s 3
(4 marks)
(d) Find all real roots 6 with 0 < 6 < 2, for the following equation,
sin 6 + sin(26) + sin(30) + sin(460) + sin(56) + sin(66) = 0.
(8 marks)



a+b b+c c+a
(@) &R C=|a—-b b—c c—a | °

c a b

(i) KAFFIX|C| (4 %)
(i) KF5#|C| =0 89pA BEMA (a,b,c) o (4 2°)
b) Bk -phqghFH > B (E)RAr yfoz ARmEGFIMA:
kxr+2y—z=p
(E):Sky+z=q
kx+3y =6
(i) KE&PIARE > #1473 (B) AHE—# ° (4 5)
(i) & (E) A $A— @ > Kpfoqg ¥kl > EFHH5RE (F) 698 - (8 %)
a+b b+c c+a
(a) Letthematrix C = | a—b b—c c—a
c a b
(i) Calculate the determinant |C| ° (4 marks)
(i) Find all real solutions (a, b, ¢) such that |C] =0 o (4 marks)

(b) Let k, p and ¢ be constants, and let (E) be a system of equations with unknowns x, y and z:
kx +2y—z=p
(E): qky+2=gq
kx +3y =6

(i) Find the range of k, such that (£) has a unique solution. (4 marks)

(i) When (F) has more than one solution, find the relationship between p and ¢,
and write down the general solution of (F). (8 marks)
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. (@) " AVAD %E=fA% > AD=a> B M % AD +2 >

VM L AD
VM= \/;a o

(b) & AVAD & & # k& ABCD > B VM L AD >
VM L ABCD > Q| VM #%w#4V — ABCD #5 >
- V-ABCD #5824 = %VM -AB-AD = ?ag’ o
() BPAHVD#p e 24k AP > BP o
*AB L AD> AB 1L VM >
. AB L AVAD >
. AB L AP > AB 1 AV »
SAAPB AHE A=A o
" NAVB ¥ > AV = AB >
VB =+2a-
" EEFH ABCD F > # A4 BD = 2a
AVBD A% B=8% o

S.BP 1LVD> /3

AB 243
- LAPB = 5 _ " o
.. xr o tanx AP 3

(d £ AVBC ¥ >VB=VC=+2a>BC=a>
- AVBC # @ik % gag o
" AB=CD=VA=VD=a>VALAB>VD 1CD >
S AVAB 2% AVDC >
. AVAB F2 AVDC 85 &4k % %cﬂ o

W AVAD &)@ FR A \/Tgoﬂ » £ F# ABCD #9@Ak 2 o’ >
SHSEV-ABCD 89k @A A E 7 % ABCD 4« AVAB » AVAD > AVDC » AVBC

3 7
%@ﬁz%:2+ﬁ;}£&o

2.@)w fo)=2®—2+42? —4=(x—1)(z+2)?*=0> THrz=1Rz=-2-

(i) f'(x) = 322 + 62 > f'(x) =62 +6 °

(i) fr(z) =0F2x=0KRor=-2°
war< =2 f(x) >0 % f(r) ZEIG -
H2<x <0 fllx) <0 & fz) RUERY °
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wa>00 fllx) >0 3 fr) ZEIGHY -
Bt f(=2)=0R—k&FMmXME > f(0) = —4 &2 —F3Am/ME ©

iVl ff(z)=0Faoz=—1lcgao<—1>f"(2)<0;8x>—-1>f"(x)>0¢
Bt (—1,-2) Ry = f(z) 9458 -

(V)

y = 1"+ 37* — 4
(b) A% »fFr=-2HKRr=1-

Fd<ax<l o ¥fgy=2 -3 +2 a8 y=23+322 -4 ko
At B R @A A

1 1
/(x3—3x+2)—(x3+3x2—4)dx = —3/ v +x—2dx
-2 -2
3 2P Yoo
= — —_— ——2 - — ©
3[3+2 :C]_Q 5

@ . FyP 8 P(2,1) = A0, —1)
c 2—-0
Sb=-—1
Sy=x—1

()~ Fy AW E 694 R2 - BAEAH P Lo
oA y=0
Sx=1,Bpc=1
F1(1> 0)7 FQ(_L O)



ca=12,
e=1,
Sb=1.
TR EMFRY S+ =1.
d) ZAEK | FRAy=o+m- AL | Fo5H E AT :

y=x+m
2 o
x 2
- =1
> Y

BHARRESF 32 +dmr +2m? =2 =04 A = 16m? —24(m* — 1) = 0> T4
m?=3> B m==+V30

(@) BATH 28 —8 =08 (s —2)(2* +22+4) =0 hitz=a+bi b#0> T
z:—l—l-\/g@.éxzz_l_\/gio
(b) & == —1+ V3, 2 = —2(cos(~ ). isin(~3)) > &

22024 — (—2)2024(008(—g),iSin(—g))QOM

2 2
22024(005(—§), i sin(—g))

1
_22024(5 + ?Z)

_ _22023(1+\/§@').
¥ 2= —1-3i,z=2cos§ +ising) > %

22024

2 2
220%(cos ?ﬂ + isin —W)

3
= 2281 4+ /3i).

(c) #E&E #H n>

+1  ntl _n+l . 1)0

9 3 . wn+1 _ 1 an wn2 —w n2 ﬂSln%
1+w+w +w ‘I‘""I"LU — — T T I = w?2 o
w—1 Wz w2 — w2 sin 2

(d) A 0<0<2r B O#£7>sin0/2#£0> A F42

sinf 4 sin(26) + sin(36) + sin (460) + sin (50) + sin (66) =0
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sin6—esin7—8—0
2 2 7
j;.ﬁ@;é,:e:%” (k::1,2,3,4,5)’é3Ln;7T (m = 2,4,6,8,10,12)
a+b b+c c+a
@OC=14_p b—c c—a
c a b
a+b b+c a+c a+b+c a+b+c a+b+c
C] = a—b b—c c—a |~ |a—-05 b—c c—a
c a b c a b
1 1 1 1 1 1

= (a+b+0)| g_p p—c c—a|=(@+d+)| 0 %—a—c c—2a+b

c a b 0 a—-c b—rc

= (a+b+c)(2a* + 2% 4 2¢* — 2ab — 2bc — 2ac)
(i) EX =

(@a+b+c)(@a—0)*+(b—c)+(a—c)] =0,
B (a,b,c)=(r,s,—r —3s),
x (a,b,c)=(r,r,r), VrseR.

11




(b)(i) 742 (E) A & — Mg B

IC] =

k40 k#1L

(ii) % k=0, (E) %

b i@ A v =06—3t,

k2

2y—z=p
z2=q

—1

k 2

12

-1

=t{,z2=q—1,

vVt € R.

k(k—1) #0,



Suggested Answers:

1. (a) "~ AV AD is an equilateral triangle, AD = a, and M is the midpoint of AD,

VM L AD.
VM = \/;a.

(b) “. plane AV AD is perpendicular to the base ABC'D,and VM 1 AD,
VM 1 ABCD, then VM is the height of the tetrahedron V' — ABC'D,

.. The volume of V. — ABCD = gVM AB-AD = \/— a’,
(c) Let P be the midpoint of V' D and connect line segments AP and BP.

wAB 1L AD,AB 1L VM,

SVAB 1L AV AD,

SAB 1L AP, AB 1 AV,

.. AAPB is aright triangle.

~ANAVB, AV = AB,

. VB =+/2a.

- in the square ABC'D, the diagonal BD = v/2a,

.. AV BD is an isosceles triangle.

*.* P 1s the midpoint of V' D,

. BP 1L VD,
AB 2¢§
- /JAPB = - .
.. Z, tanx = AP 3

(d) " InAVBC, VB =VC = +2a, BC = a,

.. The area of AV BC'is ga?
CAB=CD=VA=VD=a,VA1LAB,VD 1 CD,
.. AV AB is congruent to AV DC),

.. The area of both AVAB and AV DC is %CL2

3
» AV AD has an area of %cﬂ, and the area of the square ABCD is a?,
*. The surface area of the tetrahedron V-ABCD is the sum of the areas of the square

ABCD and AVAB, AVAD, AVDC, AVBC = 2 + @cﬂ

2. (a) () From f(z) = 2® —2? + 42> —4 = (z — 1)(x +2)> =0, wehavex = L or z = —2.
(i) f'(z) = 322 + 6z, f"(x) = 62 + 6.

(iif) From f’(x) = 0, we have x = 0 or x = —2.

13



When z < =2, f'(z) > 0, so f(z) is increasing.
When —2 < x < 0, f'(x) <0, so f(z) is decreasing.
When = > 0, f'(z) > 0, so f(x) is increasing.

Hence, f(—2) = 0 is a local maximum value, f(0) = —4 is a local minimum value.

(iv) From f”(z) = 0, we have z = —1. When x < —1, f”(x) < 0; When x > —1, f"(z) > 0.
Hence, (—1, —2) is the inflection point of the curve y = f(z).

(V)

] y=12°+ 32> — 4 )
(b) Solving ,weobtainz = —2orx = 1.
=2° —3r 42
When —2 < x < 1, the curve y = 2% — 3z + 2 is above the curve y = 2% + 322 — 4.

Hence, the required area is

1 1
/(x3—3x+2)—(:1:3+33:2—4)dx = —3/ 2+ r—2dx
) -2
3 x? ! 27
— 3|+ 2| =2
3[34— 5 x}_Q 5

(@) . F1 P passes through P(2,1) and A(0,—1)

Somo= 1_2(__01) =1
Sb=-1
Sy=x—1
(b) -.- Fiis the right focus of the ellipse of E and is on the line F P.
.. Let y=0

c.x=1,thatisc =1

14



- Fi(1,0), Fy(—1,0).
©) " |AR |+ |AF| = 2v2 =2a
cLa =42,
e=1,
Sb=1,
and the equation of the ellipse F is 5"’2—2 + =1
(d) Suppose the equation of the line [ is y = = + m. From the tangency of the line / and the
ellipse E, we have:

Yy=x+m
2

x 2 .
il -1
5 T

From the equation system, we get 3z2+4max+2m?—2 = 0. Let A = 16m?—24(m?—1) =
0. We get m? = 3, that is, m = ++/3.

4. (a) From the question, it is known that z® — 8 = 0, that is, (2 — 2)(2? 4+ 2z + 4) = 0. Since
z = a+ bi, b # 0, we obtain

z:—l—i—\/gi, orz=—1—/3i.

(b) While z = —1 + /3i, 2 = —2(cos(—%), i sin(—%)), hence

L2024 _ (_2)2024@05(_%)’ i sin(—g))mm
)

2 2

cos(—?w),isin(—?7T
1 V3

_g2024(% | VO,
(5+57)

— _22023(1+ \/gl)

22024(

While z = —1 — /3, 2 = —2(cos £ + i sin Z), hence

2 2
220 = 222 (cog ?ﬂ +isin ?ﬂ)

= 2203(_1 4+ /3i).

(c¢) For any positive integer n,

+1 +1 _n+tl . 1)6

9 3 . wn+1 _ 1 an an —w n2 ﬂSln%
1+w+w +w +...+w = = T T I = w?2 o
w—1 w2 w2 —w 2 sin 5

15



(d) Since 0 < 0 < 27 and 0 # 7, so sinf/2 # 0. Then the equation
sin 6 + sin(26) + sin(360) + sin (46) + sin (56) + sin (60) =0

is equivalent to the equation
60 . 70

in—- sin - = 0.
SlIl2 SlIl2

k
Thus the solutions are # = % (k=1,2,3,4,5), or g(m =2,4,6,8,10,12).

a+b b+c c+a

@OC=14_p pb—c c—a

c a b
a+b b+c a+c a+b+c a+b+c a+b+c
C] = a—b b—c c—al| " |a—0» b—c c—a
c a b c a b
1 1 1 1 1 1

= (a+b+c)| g_p b—¢ c—a|=@+DF) | 0 B—ag—c c—2a+b

c a b 0 a—c b—rc

= (a+b+c)(2a® + 2b* + 2¢* — 2ab — 2bc — 2ac)

16




(i1)The above equation is equal to

(a+b+c)(a—b)?+ (b—c)*+(a—c)? =0,
Hence (a,b,c) = (r,s,—r —s),

or (a,b,¢)=(r,r,r), VrseR.

(b)(i) Equation () has a unique solution if and only if

k2 —1 k2 —1
ko1
=10 k1 [=|0o k1 |[=F =k(k—1)#0,
1 1
E 3 0 01 1
ie, k#0andk # 1.
2—z=p
(if) When k& = 0, (F) becomes { z = ¢ , the relationship between p and g is p + ¢ = 4,
3y =26
and the general solution of (F)isxz =t,y =2,z = q.
T+2y—2z=p
When k& = 1, (F) becomes < y + z = ¢ , the relationship between p and g is p + ¢ = 6,
T+ 3y =06

and the general solution of (F)isx =6 —3t,y =t, 2 =q¢—t,Vt € R..
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